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Abstract—An algorithm for the tomographic reconstruction of the individual moments of
the probability density functions describing the local transmittance of radiation through a
turbulent flow field is advanced. The new method, which is based on Fourier inversion, is
applicable to asymmetric (as well as, to axisymmetric) flows. The validity of the method is
examined by comparing reconstructed moments of the local probability functions in a buoyant
propene/air flame and an ethene/air jet flame to the corresponding values obtained from
optical probe measurements.

INTRODUCTION

The chemical processes which determine combustion efficiency are distributed throughout the
reacting volume. The existing methods for continuous process monitoring in combusting flows,
however, are based on sampling the composition at a few representative points in the reactor
(e.g.. with thermocouples) and/or on path integrated concentrations obtained from line-of-sight
measurements through the exhaust stream (e.g., with open path FTIR). The information obtained
in either case is poorly resolved in both space and time and has limited diagnostic value. A further
deficiency of the point-sampling approach is that the measurement probes are inserted directly into
the reactor where they are subjected to extreme temperatures and corrosive byproducts which
adversely affect their performance and reliability. These problems can be circumvented by using
computed tomography to reconstruct the local transmittance [z,(x, y)] and emission of radiation
at specific frequencies (v) from a series of line-of-sight measurements, 7, (r, 8).

Tomographic spectroscopy has been applied in numerous previous investigations of laminar
flames and other steady-state phenomena.'”* The focus of this paper is on the application of
tomography to the study of turbulent flow systems, which exhibit intermittent composition and
temperature. An algorithm for the reconstruction of the local probability density functions (PDFs)
which describe the transmission of radiation through a turbulent flow field was advanced in a recent
paper by Sivathanu and Gore.® The algebraic reconstruction technique developed by these authors
involves a back substitution step, often called “onion-peeling”, which is only valid for axisymmetric
flow fields. In the present paper, an alternative approach, which involves the moment-by-moment
reconstruction of the local PDFs, is developed and tested. The new method, which is based on a
Fourier inversion technique, as opposed to “‘onion-peeling” is applicable to asymmetric flow fields
and is expected to be less sensitive to random errors due to uncertainties in the measurements.’ "2
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THEORY
Radiation field

The spectral distribution of the radiant energy in a combusting flow field is a function of the
temperature of the source (emission) and the composition of the medium (transmission). In
principle, this means that the reaction conditions in any volume element (voxel) of the reactor can
be determined from analyses of the spectra corresponding to the emission and transmission of
infrared radiation in that region of space.

The flux of radiation from a source voxel which is uniform in temperature (T) is given by

R(T)=(—1)IUT). (1)

In this equation, /%(T) denotes the blackbody distribution at the temperature, T,

fv=£= exp(—4,), 2
Iy,
is the transmittance, and A, is the optical depth of the voxel at the frequency, v. The transmittance
can be measured independently from the radiance as the fraction of incident radiation from an
external source, f;,, which is transmitted through the voxel (/,). The radiance measured over a
line-of-sight is reduced by absorption of the medium in accordance with Eq. (3).

RN(T)= IRV[T(X)]GXP[—Z Av(xﬁ)] dx, 3)

where the summation over i includes all voxels along the line-of-sight extending from the source
at x to the detector.

In principle, the local concentrations of CO, CO,, and unburnt hydrocarbon can be determined
directly from reconstructions of the absorbance, A4,, at characteristic frequencies. Likewise, the
magnitude of the continuum absorption in the reconstructions can be used to estimate the soot
volume fraction. The local temperature can be determined by fitting the ratios of the reconstructed
radiance and absorptance spectra, R,/(I —1,), to the theoretical blackbody distribution, 7%(T).
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Fig. 1. The PDFs of an axisymmetric flow field superimposed on a Cartesian grid. The rings represent
regions of constant PDF. The separation between voxels is on the order of the integral scale of the
turbulence.
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Model of an axisymmetric turbulent flow field

The PDF structure corresponding to an axisymmetric flow field is depicted in Fig. 1. The
reconstruction algorithm, which is the focus of this paper, is based on the assumption that the local
transmittance of radiation through a voxel can be described by a set of stochastically independent
random variables. A necessary {but not sufficient) condition for the validity of this assumption is
that the separation between voxels (depicted as a Cartesian grid) must be on the order of the
integral scale (L;) of the turbulent flow. To the extent that this is a valid assumption, the joint
PDF of the transmittance (at any frequency) through a line-of-sight spanning » voxels is given by
a simple product of the local PDFs as represented in Eq. (4)."

P(TI,T?_,...,T,,)=P|(T|)P2(Tz)--.P,,(T,,). (4)

Consequently, the expected value of any moment (m = 1, 2, .. .) of the line-of-sight transmittance
(ty=173...7,) IS

{Parrpdr ={...[P(r))... P(x, )72y ...t dr, de,y. . . d1,
=7y KTy (5)

where the quantities in angular brackets are the expected values of the moments of the local
transmittance in each voxel.

The conventional algorithms for tomographic reconstruction are based on a linear relationship
between the image [right-hand side of Eq. (5)] and its projection (left-hand side). In this case,
linearization is easily accomplished by taking the (negative) logarithm of both sides of the equation.
The result, expressed in Eq. (6), provides a measure of the average optical depth and is the
foundation for the moment-by-moment reconstruction of the local PDFs in a turbulent flow field.

Cindepy = 3 ~ Ingep. (6)
=1 .

Fourier reconstruction of local PDFs

The basis of Fourier inversion is the so called “central slice™ theorem which states that the
one-dimensional Fourier transform of the line-of-sight projection taken from a view specified by
the angle 8, is a slice through the two dimensional Fourier transform of the local property field.”-?
Application of the convolution theorem gives the moments of the local PDFs as the filtered back
projection,

—In{t(x, yy" = fly—z j‘dB J[—ln(r‘s(r, ™o ((x cos @ + y sin 8) —r)} dr, )

of the line-of-sight moments, measured at regular intervals (Ar) along an axis of each of a series
of view angles. The filter function, ¢{r), is the (approximate) inverse Fourier transform (of the
absolute value) of the spatial frequency variable | @ | which is complementary to r (axial distance).

The assumption of stochastic independence limits the spatial resolution of the measurements to
Lg. Any further subdivision of the measurement space will introduce errors due to spatial
correlation. This is an unfortunate limitation, since it implies that it may not always be possible
to eliminate sampling errors in the reconstruction without introducing correlation errors.

EXPERIMENTAL

The moment-by-moment algorithm was tested on the same data set used in the validation of
the Sivathanu—Gore method.*'* The reconstructed moments of the local transmittance of radiation
at 632.8 nm (from a HeNe laser) are compared to the corresponding moments computed from
measurements obtained using a purged optical probe sampling over a 0.01 m path. The optical
depth at this frequency is proportional to the soot volume fraction. Independent measurements
were made at x/d = 6.7 in a propene/air flame (50 mm dia at the base) which had an exit Reynolds
number of 670" and at x/d = 30 in an ethene/air jet flame (6 mm dia) with an exit Reynolds number
of 9200.° Each PDF summarizes the results obtained from 10° measurements of the transmission
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of the laser through the flame in increments of 0.01 transmittance units. The uncertainty in the
measurements was estimated from the standard deviation of the transmittance (with respect an
average value of 1.000) over a short path (~ 1 m) through the atmosphere in the absence of the
flame. The value obtained in this way was 0.8%.

Measurements were made at 11 positions. both within (probe) and through (line-of-sight) the
ethene; air flame, which were spaced at intervals of 0.005 m extending from the centerline to the edge
of the luminous region. Line-of-sight data were not available in the case of the propene/air flame.
Instead, the path integrated PDFs were synthesized as the product of the Jocal PDFs' obtained
from optical probe measurements made at 12 interior positions from the centerline to the edge of
the luminous region which were spaced 0.007 m apart. The use of synthetic line-of-sight data
permits a direct evaluation of the inversion algorithm independent of the errors due to spatial
correlation.

The Fourier reconstructions of the moments were performed in accordance with Eq. (7) with
the filter function described in Ref. 12. The integrals were evaluated by quadrature using 100 view
angles. In the applications involving axisymmetric flow fields, the same projection, t,,, was used
for every view. In the example used to demonstrate the applicability of the algorithm to asymmetric
flow fields, the projections were obtained by rotating the function 7,(x, v) by the corresponding
view angle.

RESULTS AND DISCUSSION
Propene jair flame

The validity of Eq. (6) was tested by comparing the moments of the transmittance, as computed
by integrating the moments of the probe measurements over the line-of-sight (right-hand side), to
the corresponding values obtained from the line-of-sight PDFs (left-hand side). In the case of the
propene/air flame the left-hand side was actually computed from the synthetic ling-of-sight PDFs
which were constructed point-by-point in accordance with the algorithm described in Ref. 15.
The values of the transmittance obtained from optical probe measurements were renormalized to
the appropriate path length in accordance with Eq. (8).

(o) =5, >'", - ®

where 1, denotes the transmittance over a distance of / m in a region of constant PDF and 7, is
the transmittance measured over the separation of the optical probes (0.01 m) in a region of the
flame having the same PDF. This equation is an obvious corollary of Eq. (5) which applies to
stochastically independent regions described by the same PDF.

The first and second moments of the line-of-sight PDFs (points) and the corresponding values
obtained by integrating the moments of the probe PDFs over the line-of-sight (solid curve) are
depicted in Figs. 2 and 3. The same excellent agreement was observed for the higher moments, as
well, thereby corroborating the validity of Eq. (6) for the description of the local PDF structure
of turbulent flames.

The reconstructed first and second moments (normalized to a path length of 0.0l m), as
computed from Eg. (7), are compared to the actual probe measurements (points) in Figs. 4 and 5.
The agreement is comparable in the higher moments which, once again, are not displayed in the
interest of brevity. The step-like behavior of the probe data is a consequence of the assumption
that the local PDFs are constant over the sampling interval (0.007 m). The low sampling frequency
of the line-of-sight measurements introduces an aliasing error in the reconstruction of the measured
data (solid line) which is not apparent in the reconstructions computed from the probe moments
(dashed line) where the integration in Eq. (7) is performed over a much finer numerical grid.

If is of interest to note that the curve which describes the variation of the second moments as
a function of axial distance is almost identical to the curve obtained by multiplying the first moment
by two. This is an obvious consequence of the sharpness of the PDFs. Indeed, Eq. (9)

(T =< ®

is exact for a d-function PDF,; which is the case in a laminar flow field. In a turbulent flame,
the sharpness of the PDF is measured by the magnitude of the deviations from the mean [i.e.,
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Fig. 2. The negative logarithm of the first moment of the line-of-sight transmission measurements (points)
and the values computed by integrating the moments of the probe measurements over the corresponding
line-of-sight in the propene/air flame (solid line).

Second Moment of T
0.6 : "

0.5

0.4

0.3

—In<T-T>

0.2

0.1 ® ®

(]

0 LN i 4 1 i L} T { 1 1 t

-0.0756 ~0.0504 0.0252 0.0504 0.0756
~0.0630

-0.0252 0 .
-0.0378 -0.0126 0.0126 0.0378 0.0630
r

Fig. 3. The negative logarithm of the second moment of the line-of-sight transmission measurements
(points) and the values computed by integrating the moments of the probe measurements over the
corresponding line-of-sight in the propene/air flame (solid line).
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Fig. 4. The negative logarithm of the first moment of the local PDFs reconstructed from the line-of-sight
measurements (solid line) and from the integral of the moments of the probe measurements over the
corresponding line-of-sight (dashed line) are compared to the measured values from the propene/air flame
(points).
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Fig. 5. The negative logarithm of the second moment of the local PDFs reconstructed from the

line-of-sight measurements (solid line) and from the integral of the moments of the probe measurements

over the corresponding line-of-sight (dashed line) are compared to the measured values from the
propene/air flame (points).
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Fig. 6. The negative logarithm of the first moment of the line-of-sight transmission measurements (points)
and the values computed by integrating the moments of the probe measurements over the corresponding

line-of-sight in the ethene/air flame {solid line).
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Fig. 7. The negative logarithm of the second moment of the line-of-sight transmission measurements
{points) and the values computed by integrating the moments of the probe measurements over the
corresponding line-of-sight in the ethene/air flame (solid line).
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{{(z = {t)¥™>}"*]. This quantity will become negligibly small at some value of m which determines
the number of moments required to characterize the turbulent flow field. In the case of the propene/
air flame, the turbulent intensity at m = 2 is already less than 10% of the mean transmittance at
every axial distance.

Ethene air flame

The path integrated values of the negative logarithms of the first and second moments of the
probe measurements (solid lines) are compared to the corresponding moments of the line-of-sight
PDFs (points) in Figs. 6 and 7. The excellent agreement between the left- and right-hand sides of
Eq. (6) indicates that the spatial correlation errors are negligible with respect to the magnitude of
the moments. The path integrated values were computed by summing the local moments from the
probe measurements over each region of constant PDF [Eq. (8)] along the line-of-sight. The optical
path length (/) through each region is well defined once the diameter of the flame is determined.
Unfortunately, Sivathanu et al did provide a value for this quantity which can be measured directly
as (twice) the distance from the centerline to the point where the absorbance falls to zero (within
the limits of the experimental error). The diameter of the ethene/air flame (at x/d = 30) which was
obtained by requiring equality between the first moments of the line-of-sight and path integrated
probe measurements at the centerline was 0.087 m. The alternative, would be to assume that
! = Ar = 0.005 m. which is consistent with a diameter of 0.10 m. The former estimate resulted in
better agreement between the path integrated and line-of-sight projections. This value is reflected
in the path integrated moments plotted in Figs. 6 and 7 and in the renormalization (to correspond
to an optical path of 0.01 m) of the reconstructed moments displayed as solid lines in Figs. 8 and 9.

The first two moments obtained from reconstructions of the line-of-sight measurements (solid
lines) are compared to the corresponding probe values (points) in Figs. 8 and 9. The largest
discrepancies between the measured and reconstructed moments are observed for the interior
regions of the flame where the probe measurements exhibit unphysical oscillations. Indeed the
moments which were reconstructed from the line-of-sight measurements appear to provide a much
more realistic profile of the soot volume fraction than do the moments of the local PDFs measured
using optical probes. It is interesting to note that oscillatory behavior of the probe measurements
is reproduced in the reconstructions computed from the path integrals of the moments of the probe
measurements (dashed lines).even though the corresponding projections are almost coincident
with the line-of-sight projections at the radial positions where the measurements were made. In the
reconstructions involving the path integrated moments, however, the grid used in the radial
integrations was not limited by the availability of experimental line-of-sight measurements so that
the aliasing errors could be effectively removed. On the basis of these results, it is clear that the
strategy of the oversampling does not necessarily lead to a better description of the structure of
turbulent flames.

Asymmetric flow fields

The applicability of the algorithm to asymmetric flows was examined on the basis of the quality
of the reconstructions obtained from synthetic line-of-sight PDFs. These distributions were
synthesized by integrating the product of the axisymmetric PDFs measured in the propene/air flame
with the off-center Gaussian function represented in Eq. (10).

{l, t =1 —0.05exp[(x — 0.028)* + (y — 0.028)%/4], (10)

P(r) =

1

The physical picture corresponds to a steady, asymmetric component superimposed on an
intermittent, axisymmetric flow field.

The negative logarithm of the first moment reconstructed from the asymmetric line-of-sight
PDFs (top) is compared to the actual values (bottom) as a function of Cartesian coordinates in
Fig. 10. The corresponding comparison of the second moment is presented in Fig. 11. The overall
agreement for both moments is quite good. In particular, the positions of both peaks are faithfully
reproduced. The only notable differences are that the Gaussian feature appears broader and less
intense in the reconstructions, and the moments of the turbulent PDFs appear smoother than they
do in the plots of the spatial distributions of the actual moments.

0, otherwise.
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Fig. 8. The negative logarithm of the first moment of the local PDFs reconstructed from the line-of-sight

measurements (solid line) and from the integral of the moments of the probe measurements over the

corresponding line-of-sight (dashed line) are compared to the measured values from the ethene/air flame
(points).
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Fig. 9. The negative logarithm of the second moment of the local PDFs reconstructed from the
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CONCLUSIONS

An algorithm for the Fourier reconstruction of the individual moments of the local PDFs in
a turbulent flow field was developed and tested by comparing the reconstructed moments to
measured values obtained from optical probe measurements in two independent flames. This
procedure is generally applicable and is a viable alternative to the ‘“‘onion-peeling” algorithm
advanced in a previous paper, which is only valid for axisymmetric flow fields.

In principle, all of the moments are required to determine an arbitrary PDF. In practice,
however, the amplitude of the turbulent fluctuations are usually much smaller than the mean
transmittance so that expected values of the deviations from the mean tend to fall rapidly to zero.
The reconstruction algorithm described in this paper is particularly well-suited to those applications
for which a knowledge of the first few moments of the local PDFs are sufficient for an accurate
characterization of the flow field.
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