





For1<:<I

Wy = 0
WK = 0
Foino=0

F,ik =0

P — Pio = (629./2)(pa + pio)
Pik+1 — Pik = (629:/2)(pik+1 + Pik)

Also, we must either apply free-slip or no-slip BC. For0 < k < K,

no__ n
Wo = Twyiy

w?,k =twl_ 1
andfor0<:i<T

n n
Ujo = Fu;,

n  _ n
ulg = Fulg

where the plus sign corresponds to free-slip and the minus sign to no-slip
BC.

To account for tangential boundary conditions, we have included the
matrix T};. The expression for the matrix T; ; is straightforward but tedious
to derive. In the paragraphs below, we indicate a derivation for this matrix.

Define the divergence D7 as follows

D7y = (uly — uly )/ + (wl — wl_,)/62 (21)

If we impose the condition on all interior cells (at the center where the
divergence is defined) that the divergence be zero after any time step, then
D7 = 0 translates into the condition that

(Uh =UL )/ 8z + (W) = W) /62 =0 (22)

where U} and W/ are the right hand sides of the momentum equations
defined above. Substitution for these expressions for the DuFort-Frankel
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scheme (the expressions for the lagged-dissipation scheme can be similarly

derived) then yields

Pit1k = 2Pik + Pi-1k 4 Piktt = 2Pk ¥ Pik-1 _
o2z 82z B
H(—Frik+ Fricia)/b62 + (=Foin + Frin-1)/62
+9a[~(pit1k + pir) + (Pik + pic1.4)]/(262) +

9[—=(Pik+1 + pir) + (pik + pin-1)]/(262) —
v. .1 n 1, . .
+5[‘5?(".'+1,k +ulie)+ g(u,-,kﬂ + u,-_k_l)]

1 n n 1 n n
‘5—;:'5(“;,1: +ul ) - 52—2(?‘;-1,k+1 +ul k1)l

v .1 n 1 n n
+5—z'[3‘;2‘(w?+1,k +wli )+ E{(wi,lwl + wl_1)

1 n n n n
‘g;;(wm,k—l + wi-l,k—l) - '6_-2__2(wi,k + wi,k—z)]

If we define

Ij::k = (D?+1,k + D?—l,k)/‘s"’2 + (an+1 + D} k—l)/522

then, the pressure equation can be rewritten as

Pi+1,k — 2Dik + Pi—1,k + Dik+1 — 2Dik + Pik-1
8%z 62z
H(=Frix + Fric16)/62 + (—Foip + Fz,i,k-l)/fsé

+9z(=(pit1.k + pik) + (pik + pi-1.6)]/(282) +

9:[—(Piksr + pik) + (Pik + pik-1))/(262) + vDY,

Now, in cells away from boundaries, 2 < i < I —-1land2 <k < K -1,
by imposition, all of the D?, = 0 and therefore all of the D"k = 0. Hence

Th

3,

Y = uD, . = 0. It is only in cells adjacent to the boundaries (and in

corner cells) where the matrix T} will in general be nonzero. To derive an
expression for this matrix, consider the cells adjacent to the left boundary,
= 1,2 < k < K —1. Along this boundary, u§, = 0 for all n so that

Uz, = 0 implies

(PLi — Pox)/(82) = —Fo4 + 9:(pTs + Pox)/2 + v [5 F(ule +uly )
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Subtracting this equation from the general equation for pressure with i = 1
yields the equation

Pak — Pik | Pkt — 2p1k + Prk-1

§z2 522 =—Foik/b2 — (Fi1 4 — Frik-1)/62
~9:(p2k + P16)/(267) + g:[—(prk+1 + pri) + (prk + pr4-1)]/(262)

A v
+vDyy + 3;("?,1: +ul )

Now, we impose the condition that the divergence be zero in the ficti-
cious cell outside of the left boundary (which we are free to do) Dj, = 0.
This condition implies that

uzl,k/az = (wg,k - wg,k—l)/az

Similarly, the condition that the divergence be zero in the cell adjacent to
the left boundary D7, = 0 implies that

ul/8z = —(wi — wii_;)/62
Now, for free-slip BC,
Wox = Wik
and, for no-slip BC,
Wor = —Wik

Using all of these relations implies that
ulyp = Fuly

where the minus sign applies for free-slip BC and the plus sign for no-slip
BC. Using the imposed condition that Df, = 0 implies that D}, = 0.
Hence X v ”

vDle + 5 (ule + uli ) = g;;;(ui',k Fuly)

or, T, = 0 for free-slip BC, while T, = (2vu};)/éz* for no-slip BC.

In a similar fashion, the matrix T} can be derived at all other cells
adjacent to boundaries. In this fashion, we find that for free-slipBC,T}% = 0
forallt and k,1 <i < I,1 <k < K. For no-slip BC, the matrix is still
zero at cells removed from the boundary;ie., T3 =0for2<:¢<I1-1,2<
k < K —1. At cells adjacent to the boundary, i.e., edge or corner cells, the
matrix is specified below.
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4.4.1 Edges
Fork=12<:i<TI-1,
Pi+1,1 — 2pix + pi-11 il
dz? 622
+("Fz,i,1 + Fz,i—l,l)/ﬁx - Fz,i,l/éz
+9:[—(pit11 + pin) + (pin + pi-1.1)]/(267)
—9:piz + pin)/(282) + T;y
Fork=K,2<1<I-1, we have

Pi+1,K — 2Pi,K + Pi-1,K 4 TPik t Pk
bx? 622 -
H(—=Frix + Fric1,x)/62 + Frik-1/62
+H—gz(pi+1,x + pik) + 9(pik + pi-1,k)]/(26)
9:(pi.x + pik-1)/(262) + Ti
Next do the vertical edges; 1 =1,2 < k< K —1.

P2k~ Puk | Puks1 = 2Pk + pri-1 _
bx2 622 -

- x,1,k/527 +(—Fopp+ Fr16-1)/62

"gr(Pz,k + Pl.k)/(251‘) + [—gz(Pl,kH +p1k) +

9:(prk + pr1e-1)]/(282) + T &

Fori=12<k<K-1.

—Prk + Pr-1,k + Prk+1 — 2PLk + Prk—1 _
6z2 622

+Fe i1,/ + (—Fy1x + Frr-1)/62

+9:(pri + pr-1x)/(262) + [—g:(prx+1 + pri) +

g:(prx + pre-1)}/(262) + T

4.4.2 Corners

Finally, do the corners. First,i =1,k =1

D21 — P Da2— D
dzx? + 622 =—Fep1/62

—F;1,1/6z — gz(p2q1 + Pl,l)/(Z&CA)
—g:(pr2 + p11)/(262) + Th,
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Next,: =1,k =1.

—=pr1+ Pr-11 , pr2 — Pr1
§x2? + 622 = 1-11/82
—F,11/62 + gz(pr1 + pr-1,1)/(26z)

—9:(pr2 + p11)/(262) + T,

Nexti =1,k =K.

K —PK | —PLK+P1LK-1

dx? + 822 = ~Faux/oz

+F,1.k-1/82 — g:lpak + prx)/(262)
+9.(p1.x + pr.x-1)/(262) + Ty x

Fori=1I,k=K."
—PLK + PILK-1 _

—PIK + PI-1,K
§z? * 622 = Far-1x/8e
+F,1x-1/82 + 9:(p1,x + pr-1,x)/(282)
+9:p1.x + pr.x-1)/(262) + T1 k

Thus, the viscous matrix is defined as follows: For free-slip BC, for 1 <: <
IL1<k<LK
T.,r=0

For no-slip BC, for2<i<I-1,2<k<K-1
Tix=0
for2<k<K-1

and for2<i<I-1



Finally, at the corners

2v 2v
T1,1 = 3—3-101,1 5':0—31!1,1
v 2v
Tk = ~ VLK + 523 U1K
2v 2v
Ty = _"S'Z—sul—l,l + ngm
2v v
Trgx = —g3uI-1K — 5 3WLK-1

Once again, no superscript implies quantities evaluated at time level n.

5 Results

In this section samples of results generated using a code implementing the
algorithm described above are presented and discussed. The results repre-
sent some problems of interest to scientists concerned with enclosure fires.
The aim of the computations is to investigate basic phenomena which occur
in enclosure fires using current computational and graphical capabilities.
The computations were performed on the Convex C120 in the Computa-
tional Combustion Facility, which is a joint facility of the Computing and
Applied Mathematics Laboratory and Building and Fire Research Lab-
oratory at NIST. The graphics were generated on four Silicon Graphics
Personal Iris 4D20s, which are also part of this facility.

The scale of these computations is substantial. Runs have now been
performed using almost one-half million grid points; they require nearly
50 megabytes and take up to 24 hours of CPU time. They are performed
in 64 bit arithmetic. If we were to save any major fraction of the data
generated, we would be overwhelmed. Therefore, a significant effort has
been expended in trying to select only those data required to understand
the phenomena being studied. We have concluded that Lagrangian particle
tracking for transient phenomena is the most convenient method for saving
and examining data from our computations, and this procedure is described
below.

The flows are visualized by introducing Lagrangian particles into the
heat source representing the fire. These particles are introduced by means
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of a random number generator which mimics the spatial distribution of
heat in the source. Therefore, in general in the results shown, the particles
are introduced according to a Gaussian distribution centered at the center
of the heat source and with a half-width equal to that of the source. The
particles are introduced at regular intervals of time, again mimicing the
temporal dependence of the heat source, whichis “turned on” rather quickly
(on the dimensionless time of the computations) to a constant rate of heat
release. Each set of particles is then allowed to move with the flow field
so that one can see the movement of the “smoke and hot gases”. The
graphics are generated in color with the color representing the temperature
of the particle. In this fashion, one can also discern where the flow is
hot and where it has cooled by mixing and conduction. The color and the
dynamic aspect of the graphics (a sequence of frames such as those exhibited
below is displayed rapidly on the computer screen) enhance enormously the
information which can be extracted from the computations.

The amount of computer memory, the CPU time and the data storage
all increase as the resolution of the computations increases. If I, K are the
number of grid points in the z and y directions, then the memory require-
ments scale as /K. If we assume that [ = K, then the CPU time scales
as K3 and the disk space scales as K3 also if we retain data computed
on the grid. If, on the other hand, we retain particle data, then the disk
requirements can be decoupled from the grid size and are dependent on the
number of Lagrangian particles introduced and the number of times these
particle data are dumped. (Some additional time is required to compute
the particle trajectories; however, as long as the number of particles intro-
duced is small compared to the number of grid points, this additional CPU
time is relatively small. In fact, for most computations we have done, this
additional time amounts to only ten percent or less of the total CPU time.)

The resolution of the computation determines the Reynolds number of
the flow which can be calculated, and this is a very important feature of
the computations. Since the size of the Reynolds number for the 2-D flow
scales as K2, with the grids that we have been able to use, approximately
one-half million grid cells, flows with a Reynolds number of nearly one-half
million can in principle be computed. We have not yet computed flows with
this large a value of the Reynolds number, primarily because we have been
examining non-square geometries. However, we have computed results for
flows with Reynolds numbers of up to 1 x 10°. One comforting aspect of the
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algorithm and the code is that it will “bomb” if the Reynolds number is too
large for the resolution of the grid. This feature, plus the fact that there
are no adjustable parameters in the code, lead us to have great confidence
in the predictive capability of the computations.

5.1 Stratified Background Fluid

A problem of some general interest is that of fire in an enclosure where the
background fluid has been stratified [9], [10], [11], [12]. Stratification occurs
naturally in any room that is relatively quiescent. In the summer, solar
heating generally produces significant stratification, and during the winter,
unless the stratification is disrupted, normal house heating also produces it.
A small fire under this circumstance will have its induced flows significantly
altered by the ambient stratification. Also, if a fire has started, produced a
stratified upper layer in a room, temporarily died down, and then revives
again, the plume dynamics will be affected by the stratification.

The first example is of a heat source (a line source in these 2-D calcula-
tions) at the floor of a rectangular enclosure. The aspect ratio of the room
is 0.8, the stratified layer occurs at 0.6 the height of the enclosure and the
difference in density between the lower and upper layers is 5 times the char-
acteristic density induced by the heat source. The heat source is centered
on the floor, one-half unit (the length unit being the height of the room)
from the left wall with a Gaussian half-width of approximately one-tenth
unit. Four frames of a sequence are shown in Figure 1. The first frame
shows the starting plume at 2.6 dimensionless time units. Note both the
symmetry of the starting plume at this time and the detailed structure of
the head of the starting plume. This structure is due to the high resolution
of the computation, which has 600 x 480 grid cells, and has a Reynolds num-
ber of 1 x 105%. The second frame in Figure 1 shows the plume at 3.2 time
units. At this time, the plume has encountered the upper stratified layer;
part of the plume penetrates the layer, but most of the plume is deflected
laterally. Note the asymmetry which has begun to appear due to the fact
that the heat source is not symmetrically placed in the room. In the third
and fourth frames the plume continues to be deflected laterally because the
upper layer is so strongly stratified. Again, note the asymmetry in the flow
field.

Computations have also been carried out for other levels of stratification

26



of the upper layer. As this stratification becomes stronger, the amount of
penetration of the plume into the upper layer is reduced. On the other
hand, as this stratification becomes smaller, more penetration occurs with
the plume reaching the ceiling, and finally, with the stratification having
little effect when it becomes very weak.

5.2 Gravity Currents

When lighter fluid is introduced at the top of an ambient fluid (or heavier
fluid at the bottom of ambient fluid), the light fluid spreads over the am-
bient. The process by which this spreading takes place is called a gravity
current. Gravity currents are well-known in the geophysical literature and
have been studied both experimentally and theoretically for many years
[13]. We have used our 2-D model, since gravity currents are primarly
two-dimensional phenomena, to compute gravity currents with very high
resolution and relatively high Reynolds numbers (up to 3 x 10*). In Fig-
ure 2, we show several frames from a sequence of computed frames of a
gravity current generated at the left of an enclosure and progressing to
the right. The gravity current has the well-known characteristic “head”
and progresses at a nearly uniform speed. The enclosure is 11 units long
and one unit high, and has 1584 cells in the horizontal direction and 144
in the vertical (228,000 grid cells). The Reynolds for this computation is
1 x 10%. From these computations, we can compare results with experimen-
tal measurements carried out elsewhere. First we can compare the velocity
of the head of the gravity current and determine its variation with Reynolds
number for example and later we may be able to make more detailed com-
parisons, comparing velocity or density profiles through the gravity current
for example.

5.3 The “Trench Effect”

Fires in buildings involve the transport of heat and mass by gravity-induced
or buoyant convection. Generally, this convection occurs in rectangular
enclosures where the direction of gravity is parallel to the surfaces of the
enclosure, the walls. However, under certain circumstances, such as a fire in
a stair well or an escalator, the enclosure may be sloped relative to gravity.
A very important example of a fire in a sloped enclosure was the devastat-
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Define the function F' as follows:

F(Air, Ar2, Agy, Ao,y 8) = A (1-r)(1—8)+ Az 1 7(1-38)+ A1 2(1—7)s+Ag o8

and let u;,w;, p; be the velocity components and the density respectively
at the location of the jth particle. Then by bilinear interpolation:

~n _ n n n n ]
u; = F("I;+1.lc,-+1’“I;+2,ch+1’“1;+1,lcj+2v“I;.+2JC,-+2’" ) (27)
~n o n n n n ’
w; = F(wz,-+1,x3+n W +2,0410 WIit1,0042 W42, 6042) ™) 8 ) (28)
“n _ n n n n [
P; = F(PI;+1,K;+1vPI;+2.xg+1, PTi4+1,K+2 PTi+2, K420 T > 8 ) (29)

A.3 Time Advancement Scheme for Particles

Now, each particlé is advanced through the differential equation:

dz;

Ty = u;(z;, 2;)

dz;

'd_tl = w;(z;, z;) (30)

The particles are advanced in time according to a second order Runge-
Kutta time integration scheme as follows.

h; ; = uj(z}, 27)6t
h7; = wi(zF, 27)6t

Then, with
G = [(z" + ki, )/62: +1/2]
= [(2] +h7;)/62 + 1/2]
Tj =(2:J- + h3 )/ 6= -(Z;-1/2) (31)
8; = (Z;l + h’z"j)/éz - ()CJ - 1/2)
and let |
= (a7 + h2,)/62]
= (2} + h%;)/62]
;E(:v +hl J)/5:&:— j (32)
; = (2] + h7 )/8z —
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The new extrapolated velocity components at location 27 + A2 ;, 2" + A7,

x,37 <]
are
~n __ n n n n /
u; = F(“I;+1,lc,-+1’ UL 42,K+10 YT 41,6542 "I§+2,lc,-+2,7' ) (33)
~n o n n n n ’
w; = F(wzj+1,x3.+1, WI;42,65+10 WIjt1,k542 WTi42,k0042: T ) (34)
(35)

Finally, the location of the particle at time level n +1 is

:c:;-'+1 =z} + 0.5(ﬁ;~‘5t + h:,j)
n+l __ .n ~n n
23t = 22 + 0.5(w}6t + A7) (36)

The accuracy of this particle-tracking routine was tested using a steady-
state flow with vorticity in a rectangular enclosure. This flow field was
originally derived to test the algorithms that integrate the fluid equations
and is described in (18]. In the flow, particles follow streamlines which
close upon themselves, a sensitive test of the quality of the particle-tracking
integration scheme.
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